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DEPARTMENTS. 



SOLUTIONS OF PROBLEMS. 



ALGEBRA. 



262. Proposed by BEV. E. D. CAEMICHAEL, Hartselle, Ala. 

n 
(4ra*-l) 
ways odd. 



Sum to infinity the series -77^ — ^rj, beginning with n=l, n being al- 



Solution by 6. B. M. ZERE. A. St., Ph. D., Parsons, W. Va. 

n _ if 1 L__ 1 \ 

(4m* -I) 2 *\ (2w-l) 2 (2w+l)« J' 
When n=l, 3, 5, 7, ... 

(4tt 8 -l) 2 ~ *V p + 5- 9 i+ '" 3 2 7* ll 2 '" / 

* 2 ,, „„ , N 7t 2 2* 2 . * 2 7T8 93tT 2 

= -g4-i(.15/9+ ) = T4 -i- I 2 5 neai,1 y- =T4- 250= 8000' 

We may also write 

n _ 1 2m— 1 _ j. f 1 tan ~ Ja: j 

5 (4n 8 -l) 8 _ n »fi(16W' ! -16m + 3) a— V « 

This series is discussed by William E. Heal in Vol. IX, pp. 47 — 49, of the 
Monthly.* 

Similar approximations were obtained by 8. A. Corey, G. W. Greenwood, and J. 
Scheffer. 

263. Proposed by 0. E. GLENN, Fb. D., Springfield, Ho. 

Express the transcendentals e and *• in the form of infinite continued 
fractions. 

*See also an article entitled "Note on the Numerical Transcendants Sn and s» = S» 
— 1," by Professor W. Woolsey Johnson, in the current Bulletin of the American 
Mathematical Society. 
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Solution by J. SCHEFFEE, A. M., Hagerstown, Md. 

According to a method due to Euler the series 

A B^ C D^ E 
may be converted into a continued fraction thus : Putting 

1— B CD E 2 ~ C D^ E F 

a 1 l r 1 1 , 

^ 3 = —-_+_-_ +... etc., we get 

o q X— '.^L Oj , X -cL . . A. o^ . . A. , 

tf — X - * 1- J~ ; "T^ l^ltfi l-Afl, + -A+ (l/s,) 

ThnB,g=A- A» 



^-D+ (I). 

Since Jjr=l s- + -~ «- + ••• ^ e g e *> substituting in (I), A=l, JB=3, 

o o 7 



C=5, D=l, etc., 



+2 +^L 25 



2 + ... 

To convert the series =- + -= =—,+ ... into a continued fraction, 

a ab abc abed 

we put in (I), A=a, B—ab, 0=dbe, D—abcd, etc., and thus we obtain 

i L + J_^ 1 ■ 1 



a ab abc abed 



1 + 



c ~ 1+ d-l+ (II). 



To convert h-T + -T- + t- 5+--- into a continued fraction, we have 

a ab abc abed 

in (II) only to put —b, —c, —d, ... for b, c, d, ... and thus we get 



a ab abc abed ~ a 



6 + 1- 



e + 1 



d + l- (III). 
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Putting a=2, 6=3, c=4, d=5, ... we get 



1 , * , 1 | __!_ 2 

2 ^2.3^2.3.4^ 2 -^=- 3 , 

4 4 

5_ * 5 

6 — 



7 -... 



Hence e=2 + r — 2 _ 

~4^— 4 

5 -,A- 5 



7-... 
Also solved by G. "W. Greenwood, and G. B. M. Zerr. 

264. Proposed by 0. E. GLENN, Ph. D., Springfield, Mo. 

Express the invariant 2(a a 4 — 4a 1 a s -f-3a 2 2 ) of the binary quartic 
a x*+ia i x^x 2 +6a 2 x 1 s x 2 s +ia 3 x 1 x 2 i +a i x. i 4: in terms of roots of the latter. 

Solution by G. W. GREENWOOD, M. A., McKendree College, Lebanon, III. 

It can be shown that, if 

a x*+4:a 1 x 1 3 x 2 +6a?xi i x*-4a 9 x 1 x*+a i x* 
=a (x*+2px 1 x g + qx*Xx?+2p'x 1 x S! +q'x i i ), 

then id 3 — l6-\-J=0, where I—a a^— 4a 1 a 8 +3a 2 2 , and 6—a^—a^pp'. 

Let /J, y be the roots of x.? +2px x x 2 + qx 2 * =0, and a, S the roots of 
a;, 2 -t-2p'x 1 a; g +3'a; 8 2 =0. Then 



6 " " 4 v ' " v ' ' 12 

where w=(/?— r)(<*— <*)> «=(r— <*)(/*— *)> w=(«— P)(r~ s )- The roots of the 
reduced cubic are therefore, 



-§(«-«), -g(«-«), -§<«-«)■ 

It is easily found that « + «-)- w=0. Consequently, S vw—— \ % w 2 , and 

I-= - S V* = — f|j S (M«-«W + W-f S )=^-.| S W 2 . 



a 2 
Hence 1=-^ 3 m 2 , where w, v, w have the values given above. 

Also solved by G. B. M. Zerr. 



